We analyze in detail the possibility to use charge-dipole interaction between a single polar molecule or a 1D molecular array and a single Rydberg atom to read out rotational populations. The change in the Rydberg electron energy is conditioned on the rotational state of the polar molecules, allowing for realization of a CNOT quantum gate between the molecules and the atom. Subsequent readout of the atomic fluorescence results in a non-destructive measurement of the rotational state. We study the interaction between a 1D array of polar molecules and an array or a cloud of atoms in a Rydberg superatom (blockaded) state and calculate the resolved energy shifts of Rb(60s) with KRb and RbYb molecules, with N=1, 3, 5 molecules. We show that the collective molecular rotational states can be read out using the conditioned Rydberg energy shifts.
I. INTRODUCTION
Ultracold polar molecules placed in a periodic array represent an attractive setup for quantum computation [1] and simulation of strongly correlated manybody systems due to the ability to interact via anisotropic and long-range electric dipole-dipole interaction. Polar molecules in optical lattices can be used to simulate quantum magnetism [2] , exotic topological states [3] and complex many-body entanglement [4] . The first experimental observation of spin exchange processes between KRb molecules in a 3D optical lattice induced by the dipoledipole interaction has been reported recently [5] . A similar effect was also observed in a Cr gas, where the spin exchange between magnetic dipoles was induced by magnetic dipole-dipole interaction [6] . Typically a spin-1/2 particle or a qubit is encoded in two rotational molecular states and an initial many-body state becomes strongly entangled due to the interaction. The state of such entanglement will need to be read out to extract useful information about the system. One main challenge for the current ultracold molecule setups is that there exists no reliable scheme for readout which does not lead to loss of molecules.
In this work, we propose an elegant approach to nondestructively read out the rotational excitations in a mesoscopic ensemble of molecular array. We consider a linear or a ring 1D array of molecules interacting with a 1D array or cloud of neutral atoms in a symmetric state with a single Rydberg excitation (superatom). We show that in this setup it is possible to measure total populations of collective rotational states.
Most current methods for molecular state readout, such as inverse STIRAP combined with Feshbach dissociation for alkali dimers [5] and REMPI [7] , are destructive. In previous work [8] we proposed a technique to reading out populations of rotational molecular states relying on the interaction of a polar molecule with a nearby Rydberg atom, via the Rydberg electron-molecular dipole interaction [9, 10] . This interaction shifts the states of the combined molecule-Rydberg atom system depending on the rotational state, which allows to measure its population by conditionally exciting the atom to a Rydberg state and measuring atomic fluorescence intensity. The readout, therefore, does not require the molecule to be destroyed or lost.
Precision spectroscopy of Rydberg atoms as interacting auxiliary systems for readout of molecular states, which can not be easily measured due to a lack of cycling transition, is akin to the technique of quantum logic spectroscopy [11] . In an earlier proposal [12] an ion was considered for manipulation of internal states of a polar molecule via excitation of common mechanical oscillation modes. In our setup a Rydberg atom and a polar molecule are both neutral, which makes their co-trapping and manipulation with external electric fields easier. The interaction also allows to make quantum non-demolition measurements by entangling the atom and the molecule [13] .
There is strong and growing interest in manipulating states of few-to many-body systems using their interaction with a single ancilla system. Examples include control of environment nuclear spins by an electronic spin in an NV center in diamond [14] and in a quantum dot [15] , including electron spin mediated nuclear spin polarization [16] , superradiance [17] and squeezing [18] . The sensitivity of precision measurement of a magnetic field by an NV center can be increased up to the Heisenberg limit using its electron spin interaction with surrounding nuclear spins [19] . Recently these ideas have been extended to atomic systems as well. In [20] a local density of a quantum gas of ground state atoms was measured by exciting one of the atoms to a Rydberg state and measuring its density-dependent energy shift. A single Rydberg atom in a cloud of ultracold ground state atoms can form bound states with a mesoscopic number of atoms (up to 5 have been detected in [21] ), and the corresponding bound states were observed as distinct narrow peaks in Rydberg atom absorption spectra. In a Rydberg quantum simulator a single Rydberg atom can be used for manipulation and measurement of atomic qubits on plaquettes in an optical lattice [22] .
The paper is organized as follows. In Section II we derive matrix elements of the Hamiltonian for the combined single molecule-single Rydberg atom system. In Section III we numerically calculate energy shifts of the states of KRb and RbYb molecules interacting with Rb(60s) atom. In Section IV we analyze the interaction between a linear or a ring 1D array of molecules and a Rydberg superatom, placed either in a parallel commensurate 1D array or a dipole trap. In Section V we discuss readout of rotational states of a single molecule or an array of molecules using its interaction with a Rydberg atom. Finally, we conclude in Section VI.
II. SINGLE ATOM -SINGLE MOLECULE INTERACTION
We envisage a setup shown in Fig.1a where a 1D or 2D array of polar molecules is used to simulate a strongly correlated many-body quantum system. Each polar molecule represents a qubit or a spin-1/2, encoded in rotational states |↓ = |J = 0, m J = 0 and |↑ = |J = 1, m J = 0 or |↑ = |J = 1, m J = ±1 [5] . Parallel to the molecular array there is an array with neutral atoms, which can be individually excited to Rydberg states to read out molecular states. Although a setup with two close lattices, one filled with molecules and another with atoms has yet to be realized, two parallel optical lattices filled with neutral atoms have been demonstrated recently [23] .
The configuration for a single polar molecule interacting with a single Rydberg atom [9] is depicted in Fig.1b : the molecule is a part of e.g. an array aligned along the X axis with its own Rydberg atom at a distance ρ from the X axis, placed at ∆x = 0.
The Hamiltonian governing the system is given by
where
is the unperturbed Rydberg atom Hamiltonian at principal quantum numbers n, orbital angular momentum l, The distance between the X axis and the Rydberg core is ρ, the distance between the molecule and the vertical line connecting the core and the X-axis is ∆x. In order to calculate the energy shifts of the states of the atom-molecule system it is convenient to make a transformation to a new coordinate system (x,y,z) such that the z axis lies along R; (c) Level scheme of Rydberg states of Rb near 60s state, taken into account in the calculations. The energy splittings are: E60p − E60s = 17.06 GHz, E60s − E59p = 18.75 GHz, E 59d − E60s = 27.46 GHz, E60s − E 58d = 7.79 GHz.
and a z projection of l, m. Electron spin mixing due to Rydberg electron spin-orbit and ground electron hyperfine interactions are not included [24] . We calculate interaction induced energy shifts of ns Rydberg states due to V e − −M by including the ns and the nearest p and d, and f states, whose quantum defects are nonzero: |np and |(n − 1)p , |(n − 1)d and |(n − 2)d , and |(n − 3)f . The corresponding unperturbed energies of Rydberg states are E nl = −1/2(n − µ l ) 2 in atomic units, µ l is the quantum defect (for Rb µ s = 3.13, µ p = 2.65, µ d = 1.34, µ f = 0.016). In particular, we use |ns = |60s , |np = |60p ,
and |(n − 3)f = |(ns − 3)f = |57f states. The corresponding atomic level scheme with energy splittings is shown in Fig.1c is the charge-dipole interaction between the Rydberg atom ionic core and electron and the molecule, where d is the molecular dipole moment, R is the distance between the Rydberg core and the molecule, and r is the distance between the core and the Rydberg electron. The molecular permanent dipole moment is chosen to be below the Fermi-Teller critical value of d cr = 1.63 D [9] .
Next we calculate the shifts of the states |nlm |↓ = |nlm |J = 0, m J = 0 and |nlm |↑ = |nlm |J = 1, m J = 0, ±1 of the combined atommolecule system. For that we additionally take into account unperturbed states |nlm |J = 2, m J = 0, ±1, ±2 . The matrix elements of H a , H m and V e − −M are given by:
We considered two polar molecules KRb and RbYb of particular interest in the ultracold community. KRb with a permanent electric dipole moment and rotational constant of d = 0.566 D [25] and B = 1114 MHz [26] , respectively, was the first polar molecule produced in the ground rovibrational electronic 1 Σ + state at ultracold temperatures [27] and is the most experimentally well-mastered at the moment. RbYb with d ≈ 1 D [28] and B = 353 MHz [28] belongs to the family of openshell molecules with 2 Σ + ground electronic state, and is actively studied experimentally [29, 30] and theoretically [31] towards the goal of producing ground rovibrational state molecules. Polar molecules with the 2 Σ + ground state have both an electric and a magnetic dipole moment and are attractive for applications in quantum computation [32] and simulation of lattice-spin models [33] . Other candidate molecules with subcritical dipoles, to which the readout method is applicable, [38] ). In Rb, the (n − 3)l with l > 3 degenerate manifolds are known to produce considerable mixing of the Rydberg energies, leading to formation of large permanent dipole moments in the polyatomic molecules [39] . To be able to manage the size of the Hamiltonian matrix, we do not take account of these degenerate manifolds. In fact, the inclusion of such terms should yield more pronounced shifts of the molecular lines and hence better visibility for rotational qubit addressing. In RbYb, the unpaired electron spin couples to the Rb nuclear spin, resulting in hyperfine splitting of the ground electronic state, which is expected to be close to the splitting of 6.835 GHz between F = 1 and F = 2 hyperfine states of Rb atom [30] . In the calculations RbYb is assumed to be in the ground electronic potential, corresponding to the lowest in energy F = 1 hyperfine state. Rotational states of the ground state of RbYb are further split by a spin-rotation interaction γ SR J S, whose coupling strength can be approximated as γ SR = −2∆g ⊥ B [40] , where ∆g ⊥ = g ⊥ − g e is the deviation of the molecular g tensor component, perpendicular to a molecular axis, from the electron's value. The spin-rotation splittings have not been detected for J = 1 rotational states of the last and second last bound vibrational levels of RbYb [41] . In this experiment the frequency resolution was ∆f res ≈ 6 MHz, limiting the spin-rotation constant to this value. The rotational constant for such high vibrational states was measured to be B(ν = −1) ≈ 30 MHz, while for the ground vibrational state it is predicted to be B(ν = 0) = 353 MHz, setting an upper limit on the spin-rotation constant in the ground vibrational state ∼ ∆f res B(ν = 0)/B(ν = −1) ≈ 70 MHz, provided ∆g ⊥ does not significantly vary with the vibrational number.
The effect of the spin-rotation splitting (not taken into account in the calculations) can be estimated in the following way: if |V e − −M | ≪ 2B, the energy shifts of the atom-molecule system can be approximated using perturbation theory as |∆E| ∼ |V e − −M | 2 /2B. The spin-rotation will modify the energy shifts as |∆E| ∼
, where γ sr /2B ≤ 0.1.
In Fig.2a and Fig.2b the energy shift of the states |J = 0, m J = 0 and |J = 1, m J = 0, ±1 , are shown for KRb and RbYb, respectively, interacting with Rb(ns = 60s) state. These states contain admixtures of other states of the order of ≤ 0.2%. In the figures, the rotational splitting 2B between the J = 0 and J = 1 states has been subtracted.
In Fig.2b , one observes that for RbYb the splitting between the states |J = 0, m J = 0 and |J = 1, m J = 0 lies in the range ∼ 6.5 − 1.2 MHz for ρ ∼ 400 − 600 nm, and the states |J = 0, m J = 0 and |J = 1, m J = ±1 are split in the range ∼ 3 − 0.6 MHz. Due to a smaller permanent dipole moment of KRb and a larger rotational constant the splittings for KRb are smaller compared to the splittings for RbYb at the same ρ. Splittings of the order ∼ 1 MHz can be achieved for KRb for smaller ρ. As shown in Fig.2a the states |J = 0, m J = 0 and |J = 1, m J = 0 are split by ∼ 2.2 − 0.4 MHz for 300 nm < ρ < 500 nm, and the states |J = 0, m J = 0 and |J = 1, m J = ±1 are split by ∼ 1.1 − 0.2 MHz for the same range. The splittings are much larger than the width of Rb(60s) Γ 60s ≈ 1.644 kHz, resulting from spontaneous emission, black-body radiation (BBR) induced decay, excitation and ionization and the width of the J = 1 rotational state due to spontaneous emission and interaction with black-body radiation [42] .
Next we checked if all the states np, (n − 1)p, (n − 1)d, (n − 2)d and (n − 3)f are contributing significantly to the energy shifts. Figs.2c and d show the splittings taking into account the full set of 60s, 60p, 59p, 59d, 58d and 57f states (thick lines) and and three closest in energy 60p, 59p and 58d states (thin lines) for KRb and RbYb, respectively. One can see that for RbYb the smaller basis set gives a good agreement with the full one except for the |J = 1, m J = 0 state, which has an energy difference ≤ 16% with the full set. For KRb the agreement between the two sets for the |J = 1, m J = 0 is worse, the smaller and the full sets giving the same results only at ρ ≈ 300 nm. We also compared the shifts calculated using the full set and the smallest possible atomic set including only the 60s state. It will give a good approximation to the full set if 2B ≪ E np − E ns , E ns − E (n−1)p , E ns − E (n−2)d , which is satisfied for RbYb and to a less extent for KRb. The results are shown in Fig.2e and f for KRb and RbYb, respectively. Again, for RbYb the smallest set has a good agreement with the full one for the |J = 0, m J = 0 state, and the energy difference between the two sets is ≤ 32% for the |J = 1, m J = 0 state and ≤ 20% for the |J = 1, m J = ±1 state. For KRb the shifts for the smallest set reasonably agree with full set shifts only at 450nm < ρ < 500nm, where the error for |J = 0, m J = 0 is ≤ 23%, and ≤ 38% for |J = 1, m J = 0 .
The effect of the 57f state can be seen in Fig.2a and b for KRb and RbYb, respectively. The thick lines show the shifts calculated using the full set, and the thin lines correspond to shifts calculated without the 57f state. The effect of the f state is reasonably small, giving the energy difference between the two sets ≤ 4% for |J = 1, m J = 0 state for KRb. For RbYb the curves with and without 57f completely overlap.
The above calculations were done taking into account J = 0, 1, 2 rotational states.
Finally, we also checked if higher rotational states such as |J = 3, m J = 0, ±1, ±2, ±3 influence the shifts. Fig.2g and h compare the shifts for KRb and RbYb, respectively, using the smaller basis set of 60s, 60p, 59p, 58d to simplify the calculations and J = 0, 1, 2 (thick curves) and J = 0, 1, 2, 3 (thin curves) rotational states. One can see that the curves completely overlap, which means that the shifts of the J = 0 and J = 1 rotational states are hardly affected by the J = 3 states.
IV. N MOLECULES -RYDBERG SUPERATOM INTERACTION
In this section we consider interaction of N polar molecules placed in a 1D array with an array or a cloud of atoms in a collective symmetric state with a single Rydberg excitation (superatom). To illustrate this idea we assume the same setup as in the previous section, in which there is a ground state atom placed next to each molecule in a linear atomic 1D array, parallel to the molecular one. The difference with the previous section is that a laser beam, exciting atoms to a Rydberg state, is assumed to interact simultaneously with all of them. If the size of the atomic array is smaller than the dipole blockade radius [43] , only one of the atoms will be excited to the Rydberg state, and the array wavefunction will be a superposition of states with different single excited atoms
where N a is the number of atoms, |g j and |r j denote j th atom in the ground or Rydberg state and X j its position along the array, k x Rydb is the x component of the wavevector of the exciting laser field. Here, we take into account a single Rydberg state |r = |60s for each atom in diagonalizing the interaction Hamiltonian V e − −M . Then the interaction of i th molecule with the atomic array takes the form:
| Rji− r| 3 |r j and R ji is the vector connecting j th atom to i th molecule. In fact, one can see from Eq.(4) that interatomic coherences do not play a role and the same result can be obtained with a mixed atomic state described by a density matrix
The basis states of the combined atomic-molecular system are |Ψ atom |Ψ mol , where |Ψ mol = |a 1 . . . a N and FIG. 2: (a) and (b) Shifts of the states |ns |J, mJ of the combined single Rydberg atom-single polar molecule system for KRb and RbYb, respectively, and Rb, taking into account atomic 60s, 60p, 59p, 59d, 58d and 57f and molecular rotational J = 0, 1, 2 states. Shifts of the |60s |J = 0, mJ = 0 , |60s |J = 1, mJ = 0 and |60s |J = 1, mJ = ±1 states are shown by thick solid black, thick dashed red, thick dotted green and thick dash-dotted blue lines, respectively. Thin lines correspond to calculations in which 57f state has not been taken into account; In (c) the full shifts of (a), shown by thick lines, are compared for KRb to the shifts calculated using a smaller atomic basis set of 60s, 60p, 59p and 58d, shown by thin lines; (d) the same as in (c) for RbYb; In (e) the full shifts of (a), shown by thick lines are compared for KRb to the shifts calculated using the smallest atomic basis set of 60s, shown by thin lines; (f) the same as (e) for RbYb; (g) the shifts calculated using the smaller atomic basis set of 60s, 60p, 59p, 58d and J = 0, 1, 2 rotational states (solid lines) are compared to the shifts calculated using J = 0, 1, 2, 3 rotational states for KRb; (h) the same as (g) for RbYb. |a i = |J, m J i . Matrix elements of the Hamiltonian of the system
with
For a simplified analysis we also take into account only |J = 0, m J = 0 and |J = 1, m J = 0 rotational states in diagonalizing the Hamiltonian. Using only J = 0 and J = 1 states makes calculations of the matrix elements a i | V ji |a ′ i particularly simple. For the atom located next to the molecules at ∆x = 0 the matrix elements are calculated as described in Appendix A. For an atom separated from the molecule by a lattice spacing(s) the calculation of the matrix elements can be reduced to the case of ∆x = 0 by a coordinate system rotation as shown in Appendix B.
If the interaction strength is much smaller than the rotational splitting between the J = 0 and J = 1
states |V e − −M | ≪ E rot , where E rot = 2B, and only the ns state is taken into account, the shifted energies of the collective rotational states can be calculated using second-order perturbation theory. All unperturbed states (k ↑, (N − k) ↓) with k spins up and N − k spins down have the same energy E (k↑,(N −k)↓) = kE rot , and groups of states differing by one flipped spin are separated by the rotational splitting E rot . The interaction weakly couples states in neighboring spin groups resulting in shifts of their energy. Let us consider first the |ns |↓, ↓, ... ↓ state for N molecules and N a atoms. The energy shift of this state will be given by:
Assuming for simplicity that i th molecule most strongly interacts with its nearest atom with j = i and the matrix elements V j=i e − −M are the same for all i, the shift can be approximated as
which gives the dependence ∆E N ↓ ∼ 1/N for N a ∼ N . For states with a single i th spin up and i ′ = 1, ., i − 1, i + 1, ., N spins down, the perturbation theory gives the energy shift
which shows that the splitting between the N ↓ and
In the general case of (k ↑, (N − k) ↓) states the shift will be given by In the case when only the ns atomic state is taken into account there will be no terms exchanging spins within the same group such as e.g. |↓, .,
The spin-exchange terms will be absent because the secondorder perturbation theory connects these states via a single state in the upper and a single state in the lower neighboring spin groups, which cancel each other due to the equal splitting between neighbouring groups. There will be spin-exchange terms within the groups due to a direct dipole-dipole interaction between molecules, which has not been taken into account in the Hamiltonian (6). The direct dipole-dipole interaction allows spin-exchange processes within the same group leading to splittings ∼ d 2 /L 3 ∼ 1 kHz for d ∼ 1 D and a lattice period L ∼ 500 nm, which is of the order of the width of the 60s state.
In the following we numerically consider a system of N = 3 and 5 KRb and RbYb molecules interacting with a Rb superatom. Due to the small size of the considered molecular arrays, if one uses an atomic array of the same size, effects of the boundaries will be sizable, because the molecules in the center will strongly interact with all three nearest atoms, while the molecules at the boundaries will interact strongly with only two atoms. This is not going to be the case in a sufficiently long array, in which all molecules (again, except for two boundary ones) will have equal interaction conditions. To mitigate the effects of the boundaries we therefore consider an array of N a = N + 2 atoms, arranged in a way shown in Fig.3a such that there is an additional atom at each side of the molecular array. In this arrangement all molecules will interact strongly with three nearest atoms, i.e. separated by at most one lattice period L = 500 nm. Atoms separated from a molecule by two or more lattice periods do not contribute significantly for the 60s Rydberg state. Energy shifts of the states of a combined atomicmolecular system from the unperturbed values E (k↑,(N −k)↓) , corresponding to different collective rotational states, are given in Fig.4 for KRb and RbYb in the left and right columns, respectively. Since only the 60s Rydberg state and J = 0 and J = 1 rotational states have been used in calculation of matrix elements of the Hamiltonian Eq.(5), the magnitude of the shifts is only qualitatively correct. In order to get quantitatively correct shifts the closest in energy p, d and f Rydberg states as well as J = 2 rotational states have to be taken into account, which is beyond the scope of our work. Fig.4 shows the shifts calculated by (i) diagonalization of the Hamiltonian Eq.(5) and (ii) using perturbation theory expression (7) with V ji e − −M calculated numerically. The results of the two calculations agree very well.
From Fig.4 one can see that the states with the same number of spins up and down such as |↑, ↓, ↓ , |↓, ↑, ↓ and |↓, ↓, ↑ group, as expected, so only states with at least one spin flipped significantly differ in energy and can be discerned. For N = 3 the spin groups split from each other by ∼ 150 − 50 kHz for 300 nm < ρ < 500 nm for KRb and by ∼ 600 − 200 kHz for 400 nm < ρ < 600 nm for RbYb. For an array of N = 5 molecules, shown in Fig.4c and d, the energy splittings between spin groups become smaller: ∼ 70 − 10 kHz for KRb, and ∼ 300 − 100 kHz for RbYb in the same ranges of ρ. The reduction of the splittings with increasing N comes from the simultaneous increase in N a as expected from Eq.(7). It suggests that for larger N the splittings will get even smaller and eventually become comparable to the width of the Rydberg state. The states will no longer be discernable and there will be a continuous band of collective molecular states.
In experiments it can be difficult to have two parallel optical lattices, one filled with molecules and another with atoms. The setup will be simplified if the atoms are placed in a sigar-shaped dipole trap with a long axis parallel to the molecular array as shown in Fig.3b . We modelled the interaction of a molecular array with a Rydberg superatom placed in such a trap by assuming that the excited atom has a Gaussian 1D probability distribution p(x) = exp(−x 2 /a 2 )/a √ π along the longest trap axis with x = 0 corresponding to the center of the molecular array. In this case the summation Na j=1 V ji /N a over atom's j position in Eqs. (4) and (6) is replaced by an integral V i (x)p(x)dx. Fig.5a(c) and b(d) show the shifts of the collective states for N = 3(5) for KRb and RbYb, respectively, obtained by diagonalization of (6) . The size of the atomic distribution a was chosen to have the largest splittings between spin states differing by one flipped spin. Compared to the case of atoms in a lattice the shifts between spin groups become about twice smaller for N = 3 and three times smaller for N = 5 for both KRb and RbYb. The splittings within groups appear, and for N = 5 become comparable to the splittings between the groups. The reason for splittings within the groups is in the unequal interaction conditions for molecules in the center and at the boundaries. Due to the decrease of the atom's probability from the center to the edges of the trap the corresponding molecules will experience weaker interaction. The interaction conditions can be made more homogeneous if the trap size in the longitudinal direction is much larger than the molecular array's, but in this case the probability to find the atom in the range (X i − L/2, X i + L/2) around i th molecule position X i will be smaller than the corresponding probability 1/N a of atoms in a lattice.
The ∼ 1/N and ∼ 1/N 2 scalings of the spin group energy shifts and splittings can be avoided if the molecules are placed in a ring 1D array [44] instead of a linear one. In this case if the superatom (or a single Rydberg atom) is placed at the center of the array and its size is much smaller than the radius of the array all interaction matrix elements V ji e − −M will be equal for a symmetric ns state V ji e − −M =Ṽ e − −M and the shifts (7) will become:
which shows that in this case the shifts and splittings scale as ∆E ∼ N |Ṽ e − −M | 2 /E rot and ∼ 2|Ṽ e − −M | 2 /E rot with the number of the molecules, so the splittings are limited by the interaction strengths |Ṽ e − −M | 2 , falling with the atom-molecule distance, equal to the radius of the array, as 1/R 4 ji .
Selective excitation to the Rydberg state for a particular spin group will require the Rabi frequency Ω of an exciting optical pulse be smaller than the splittings. With the splittings between spin groups ∼ hundreds kHz one can use Ω = 10 kHz. In this case the blockade radius for the 60s state will be of the order of R b = (C 6 / Ω) 1/6 ∼ 2.2 µm, where C 6 is taken from [45] . For the linear array period L = 500 nm the blockade can be realized for N a ≤ 9 atoms in 60s, i.e. higher n are required for larger arrays. For example, for n = 100 and the same Rabi frequency Ω = 10 kHz the blockade radius will be ≈ 44 µm, which will allow to use a linear array of ∼ 200 atoms and molecules. In a ring array any number of atoms can be used provided the atomic trap size is smaller than the blockade radius.
V. MEASUREMENT OF ROTATIONAL STATE POPULATION
Let us first discuss the measurement of rotational states population of a single molecule interacting with a single Rydberg atom. In this case we assume that each molecule in an array or optical lattice has its own readout atom, which can be addressed individually using tightly focussed laser beams and excited to the Rydberg state without affecting neighboring atoms. Individual addressing of atoms in an optical lattice with a lattice period λ/2 ∼ 500 nm has been demonstrated recently in [47] . Alternatively, low cross-talk addressing of atoms can be realized if, before the readout, the molecular and atomic lattices period is increased to values ∼ several µm using tunable-period 1D or 2D optical lattices [48] .
The populations of the ground and first excited rotational states can be read out in the following way (see Fig.6a ). First, the atom is prepared in the ground state, e.g. |g = |F = 2, m F = 2 for Rb, such that the state of the combined system is (α |↓ + β |↑ ) |g , where |α| 2 and |β| 2 are the molecular qubit states populations to be read out. The combined system next is transferred selectively from e.g. the |g |↑ to the |r |↑ , where |r is the atomic Rydberg state, with a π pulse, followed by another π pulse transferring the system from the |r |↑ to some axiliarly |e |↑ state with a short lifetime, which rapidly decays back to |g |↑ [49] . Repeating the excitationfluorescence cycle one can detect the population |β| 2 of the |↑ rotational state. Another way to read out populations of molecular qubits is shown in Fig.6b,c and d . While the atom is in the ground state its fluorescence is measured using the cycling transition |g → |e , which will include contributions from both rotational states with probabilities |α| 2 and |β| 2 (Fig.6b) . Next a π optical pulse is applied to excite the system conditionally only if the molecule is in the |↑ state, producing an entangled state of the combined system α |↓ |g +β |↑ |r , and again the atomic fluorescence is measured using the cycling transition (Fig.6c) . This time the part of the atom in the Rydberg state will not fluoresce and only the |g |↓ part will contribute with the probability |α| 2 (Fig.6d) . By measuring the ratio of fluoresence intensities in the two cases R = |α| 2 /(|α| 2 + |β| 2 ) one can calculate the populations of the rotational states |α| 2 = R and |β| 2 = 1 − R. The Rydberg state has a finite lifetime and can decay during the readout steps of Fig.6c,d . The decay can be avoided if the atom is transferred to a stable ground state |g ′ by a π pulse: |g |↑ → |r |↑ → |g ′ |↑ such that |g ′ is not affected by the excitation-fluorescence cycles |g ↔ |e . Additionally, it allows one to entangle two atomic ground states and two rotational molecular states as (α |↓ + β |↑ ) |g → α |g |↓ + β |g ′ |↑ .
The main part of the measurement described in Fig.6 is a CNOT gate applied to the atom-molecule system. The measurement based on the CNOT gate is of a quantum non-demolishion type, in which the measurement is done on the ancilla system after it has interacted with the primary system in such a way that the primary system is not destroyed and it's projected states are not disturbed by the measurement. In [50] requirements for a QND measurement on a primary qubit by an ancilla qubit have been derived in terms of fidelities of measurement
and the quantum state preparation fidelity
are the probability distributions of the input, measured and output states in the basis of the eigenstates |i of the measurement; p out |i |i is the conditional probability of finding the output state to be |i if the measurement gave the eigenvalue i. The CNOT gate gives F M = F QND = F QSP = 1, i.e. it represents an ideal QND measurement. The QND nature of the measurement can be seen from the form of the actual atom-molecule interaction
which commutes with the measured observableŜ The QND measurement based on the CNOT gate has been used previously in systems of two ions [51] , electronnuclear spins of N-V center [52] and was also theoretically discussed for a system of two neutral atoms of different species, interacting in Rydberg states [53] .
Finally, we come to the main point of the work and discuss how population of collective rotational states can be measured in a molecular array interacting with a Rydberg superatom. The measurement is based on the interaction induced splittings between spin groups |k ↑, (N − k) ↓ for k = 0, ...N , analyzed in the previous section. As shown in Fig.7 , first, the combined system is excited selectively from some group of k ↑ spins up |g, g, ...g |Ψ mol k↑ to the blockaded state |Ψ atom |Ψ mol k↑ by a π pulse, followed by another π pulse connecting the |Ψ atom state to some |Ψ e = 1 √ Na Na j=1 e i(k x Rydb −kx e)Xj |g 1 , g 2 , ..., e j , ..., g Na state, where |e is an atomic state rapidly decaying to |g . Again, instead of two π pulses a sequence of either STIRAP or ARP pulses can be used. By repeating these excitation-fluorescence cycles the population of the |Ψ mol k↑ can be detected. Let us illustrate the scheme for N = 3 molecules. Initially, the molecular system is in a superposition of all spin states:
Suppose one is to measure the total population of the states with one spin up and two spins down, i.e. the |↑, ↓, ↓ , |↓, ↑, ↓ , |↓, ↓, ↑ states. For that the initial state |g, g, ..., g |Ψ mol is transformed into
by selective excitation to the Rydberg superatom state, where we denote the part of the state corresponding to a single spin up as
Next, atoms in |Ψ atom are transferred to the state |Ψ e , which rapidly decays to the |g, g, ..., g state. Repeating the excitation-fluorescence cycles and detecting fluorescence intensity will allow one to obtain the total population of the |Ψ mol k↑=1 state, given by |a ↑,↓,↓ | 2 +|a ↓,↑,↓ | 2 + |a ↓,↓,↑ | 2 . Applying this sequence for all |Ψ mol k↑ , populations of all spin groups can be measured. This measurement is non-destructive with respect to molecules and is also of a QND type and will in fact project the molecular system to a superposition of states with a certain number of spins up and down provided a spontaneously emitted photon is detected. In this way entangled manybody molecular states can be prepared by measurement, which does not require molecules to interact, similar to the proposals in cQED systems [54] . For example, if initially all molecules are prepared in an equal superposition state (|↓ i + |↑ i ) / √ 2, and the described above measurement sequence is applied, one will be able to project the system to an entangled state, which is an equal superposition of states with one spin up -W state, and more generally, equal superpositions of states with k spins up and N −k spins down -Dicke states. The collective states readout scheme could also be applied to measure the estimated Hamming weight of the molecular spin string N est = k ↑ p k↑ , where 0 ≤ k ↑≤ N is the number of spins up in a particular spin group and p k↑ is the probability of such a group, measured in our case by atomic fluorescence intensity. The Hamming weight, which is the total number of spins up in a string of N spins or qubits, is a usefull quantuity in quantum error correction [55] and in ion string clocks for determining the deviation of the clock frequency from an unperturbed ion frequency [56] .
VI. CONCLUSION
We present a detailed analysis for non-destructive readout of mesoscopic ensembles of polar molecules, by exploiting the exquisite sensitivity of Rydberg states in interaction with molecular rotational states. The extreme dipole moment of the Rydberg atoms allows selective addressing of single or collective molecular rotational states. Our earlier proposal dealt only with single atoms and single molecules and found that, for example for distances of 300 -600 nm between molecule and atom a shift of several MHz can be detected in the Rydberg level depending on the molecular rotational state. This is wider than any line widths in this setup.
In the present article, we have shown that these shifts, and the ensuing possibility of conditional Rydberg excitation and thus atom-molecule entanglement allows nondemolition readout not only for single atom-molecule pairs but also for collective rotational states in molecular ensembles. In the latter case instead of a single atom a Rydberg superatom, i.e., a single Rydberg excitation of a small ensemble of atoms, can be used.
In particular, detailed numerical estimates for small arrays of ground state KRb or RbYb molecules show that the difference of one excited collective rotational state leads to shifts of 100s of kHz in a Rydberg superatom about half a µm away. Our calculations were done for atoms in both a linear array and a dipole trap, often an easier experimental setup. Calculations in this case predict only a slightly smaller shift, which shows that the regularity in an optical lattice is not the defining feature of the setup.
While, at the present status of experiments, arrays of different species of under a µm distance might still be challenging (although two close lattices were demostrated for the same atomic species [23] ), the techniques pre- Population of the |↑ state can be measured by selectively exciting the atom-molecule system to the |r |↑ state by a π pulse, followed by transfer by a second π pulse to some |e |↑ state, rapidly decaying to the |g |↑ state. The transfer |g |↑ → |r |↑ → |e |↑ can be also done using STIRAP. The population of the |g |↓ can be read out in a similar way; (b) While the atom is in the ground state and does not interact with the molecule atomic fluorescence intensity can be measured using excitation and deexcitation on a cycling transition |g ↔ |e ; (c) The combined system can be conditionally transferred from the |g |↑ to the |r |↑ state vis a π pulse or an ARP pulse; (d) Atomic fluorescence intensity on the |g ↔ |e transition is measured again. The difference between the fluorescence intensities before and after the Rydberg excitation allows to obtain populations of the rotational states. sented here address particularly the non-destructive readout of single or collective molecular rotational states, which has been a mostly unsolved problem to date. With the size of the Rydberg shifts of hundreds kHz, the superatom can be conditionally excited depending on the collective molecular state. While the fluorescence of the atom(s) is measured, effectively reading out the molecular state, the molecules remain untouched. An obvious extension would be to use the Rydberg atom(s) as a communication channel between two molecules or two molecular ensembles, thus allowing for effective indirect interactions between the molecular dipoles that are much stronger than the direct dipole-dipole interaction between the molecules. Proposals for many-body states based on strongly interacting dipoles could potentially be realized much easier this way. In addition, the conditional excitation allows very well controlled entanglement between molecules or groups of molecules, thus opening the door to, for example, entanglement-enhanced metrology.
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VIII. APPENDIX A
In order to calculate the matrix elements of the interaction term (
′ we assume that the Rydberg atom is fixed in its position by e.g. trapping in a deep dipole trap or optical lattice such that R = R e z . The molecular dipole moment can be written as d = d x e x + d y e y + d z e z leading to:
where θ and φ are the polar and azimuthal angles of the electron with respect to the Rydberg core. As a result,
Next we will analyze separately the three terms of V e − −M : 1) The matrix element of the interaction between the molecular dipole and the Rydberg core has the form:
2) Second contribution can be written in the following form: 
